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>: 

^ . New relations of correlation functions are found in topological string theory; one for 

H \ each second cohomology class of the target space. They are close cousins of the Deligne- 

Dijkgraaf-Witten's puncture and dilaton equations. When combined with the dilaton 
equation and the ghost number conservation, the equation for the first chern class of the 
target space gives a constraint on the topological sum (over genera and (multi-) degrees) of 
partition functions. For the CP^ model, it coincides with the dilatation constraint which 
is derivable in the matrix model recently introduced by Eguchi and Yang. 
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1. Introduction 

The solution of two dimensional quantum gravity 0] was a striking event toward an 
understanding of the nature of quantum geometry and also of non-perturbative string 
theory. Apart from the interest in its own right, it provides a ground to test new methods 
and techniques and it may become a sourse of inspiration. Namely, it promotes further 
investigations. 

Use of matrix integral to count the number of triagulated surfaces was essential in the 
treatment. This integral makes possible to see that the scaling fields generate the flows 
of the KdV hierarchy [^. Moreover, the Schwinger-Dyson equations lead to a system 
of constraints on the partition function — the Virasoro constraints [^. However, in 
gravity or string theory in physically interesting dimensions it is difficult to gain some 
definite results by a direct generalization of the method. It seems that we must take other 
approaches. 

Soon after the solution of [jl[, it is pointed out 0, Q that topological gravity with 
perturbation gives results identical to those of the matrix model. This was a surprise 
since topological gravity counts numbers of interest in intersection theory on the moduli 
space of Riemann surfaces. Amazingly, relations of intersection numbers derived by a 
purely geometric argument coincides with the first two of the Virasoro constraints; the 
puncture equation [Q gives the string equation L_iZ = and the dilaton equation 
together with dimensional consideration gives the dilatation constraint LqZ = 0. The 
higher constraints LnZ = could be derived by a rather involved treatment of quantum 
field theory [^. It is also notable that a certain matrix integral [^ makes transparent 
the relation of the intersection theory and the KdV hierarchy. In addition, there exists 
considerable evidence |[T^, |TT[| that the twisted N = 2 minimal superconformal models 



coupled to topological gravity (which we refer to as the minimal models) have similar 
structures and are equivalent to the physical models of matrix chains. These successful 
observations invite us to take topological field theory as an alternative method in gravity 
or string theory. 

Topological strings are the coupled systems of topological gravity and topological 



sigma models [T^. A model is determined for each choice of compact complex or almost 



complex manifold as a target space. The k-th. minimal model can formally be considered as 
a topological string theory with the target space of dimension ^^ |[1^ . It is an interesting 
problem to see to what extent the structures found in the minimal models — such as 
integrable fiows or as Virasoro constraints — can be generalized to topological string 
theories in dimension > 1 (Q)- 

Recently, Eguchi and Yang have proposed a matrix model for the topological string 
theory with CP^ target (the CP^ model) |]13|. The Schwinger-Dyson equations would 



impose several constraints on the partition function. A natural question to ask is whether 
these can be derived by a purely geometric argument. The string equation |1^ is derivable 
by the puncture equation that holds in any topological string theory p. However, the 

^In this paper, by dimension of a space, we always mean its complex dim.ension. 



dilatation constraint (associated with rescaling of matrices) is not derivable only from the 
dimensional consideration and the dilaton equation. This is because the dimension of the 
moduli space depends on the degree of the maps and the full partition function is the sum 
of contributions from all genera and all degrees. Therefore, we need other equations with 
degree dependence. In this paper, we find such equations in general models. In the CP^ 
model, the constraint derived from these equations agrees with the dilatation constraint 
for the matrix integral. 

The rest of the paper is organized as follows. In section 2, we derive the new relations 
of correlation functions. It turns out that they give rise to constraints on the topological 
sum generalizing the first two of the Virasoro constraints. In section 3, we compare our 



constraints for the CP model with the results obtained by matrix model of [|I^ . Section 
4 provides a field theoretical background for the description of the correlation functions 
used in section 2. 



2. New Equations Associated With 2nd Cohomology Classes 

This section contains the main result of the paper. We refer the reader to section 4 
for some field theoretical origin of the geometric description of the amplitudes. 

The bosonic elementary fields of topological string theory consists of a Riemannian 
metric on a compact oriented surface and a map of the surface to the target space M. 
The topological type of such fields is classified by the genus of the surface and the degree 
of the map. The degree d oi a. map / : S — > M is defined here as the homology class d = 
/.[E] e H2iM; Z) of the image. If i^alM; Z) = Z, by choosing a generator lu G H^{M; Z), 
it is specified by an integer 

fuj=fru;. (2.1) 

Jd JT, 

If H2{M; Z) = Z © ■ ■ ■ © Z (r-components), choosing a base Ui,- ■ ■ ,ujr of H'^{M; Z), it is 
specified by a multiple of integers (rfi, ■ ■ ■ , dr) defined by di = S^uji. 

Physical fields in the theory are classified into primary fields and their gravitational 
descendants. Primary fields are in one to one correspondence with the de Rham cohomol- 
ogy classes of the target space. We denote by cr„(f2) the n-th descendant of the primary 
field (= (To (11)) corresponding to fi G H*{M; C). 

2.1 Topological String Amplitudes 

The instanton calculus reduces the functional integration for a physical amplitude to an 
integration over a finite dimensional moduli space of Riemann surfaces with holomorphic 



maps. It seems that the moduli space of stable maps introduced in ||T^, |T6[ is the natural 
one to appear here. We recall the definition: 

7W,,,(M,rf) = {(S,xi,---,x,; /)}/=, (2.2) 



A representative of an element consists of a Riemann surface S of genus g (possibly with 
ordinary double points), s-distinct marked points in S and a holomorphic map f : T, —>■ M 
such that every genus (resp. 1) component which maps to a point contains at least 3 
(resp. 1) marked or singular points. For each i, we have the evaluation map 

(l)i:Mg,s{M,d)^M, [J:,xu---,x,;f]^f{xi). (2.3) 

Also, the cotangent space T^.S varies as the fibre of a complex line bundle £(j) over 
A4g^s{M,d). At the point [S, Xi, ■ ■ ■ , x^; /] with smooth S, denoting by T the tangent 
space to A4g^s{M, d), we have the exact sequence 

^ H%rTM) ^ T ^ H\T^ ^U 0{x,)-') ^ H\rTM), (2.4) 

where Ts and Tm are the tangent bundles of S and M(0) and the last map is induced by 
the homomorphism T^ — > /*Tjv/; v^ h^ v^dzfK Hence, the dimension of the tangent space 
T is the sum of the dimension T of the cokernel of /* and the following virtual dimension 
(the ghost number anomaly): 

/ci(M) + (3-dimM)(c/-l) + s. (2.5) 

Jd 

Under these definitions, the degree d contribution to the (yf-loop s-point physical am- 
plitude is given as follows (See §4). Let us take Vti G H'^'^^{M) (z = 1, ■ ■ ■ , s). 

(I) If M.gs[M, d) is empty or if the ghost number I]('^i + Q'«) does not match the virtual 
dimension ( |2.5| ), we have 

{anA^l)---(ynX^s))g4 = ^- (2-6) 

(II) If the ghost number match the virtual dimension, we have 

(a„,(f]i) • ■■anX^s))g4 = n^^! /- Cy(V3,M) Rci (/:«)"' 0*a, (2.7) 

JMnAM.d] 



,1 JMg,s(M,d) 



=1 



where Vg^s,d is the rank T vector bundle described as follows: At X = [S, xi, ■ ■ ■ , x^; /] 
with smooth S, the fibre V\x is the cokernel of the map /* in (|2.4|). The dual is the space 



of anti-ghost zero modes, i.e. the space of holomorphic differentials with values in /*T^ 
that are annihilated by df : p^i i— ^ PzidzT- Namely, V*\x = -ff°(S,jF) where JF is the 
kernel of the sheaf map df: 

_ ^ ^ i^s ® rn, ^ Ki\ (2.8) 

in which K^. is the sheaf holomorphic differentials on S (or the cotangent bundle of S). 
This definition of V*|;(:' is applicable to the case in which S is singular, by considering K^, 
as the dualizing sheaf (0). 

^ In this paper, in order to simplify the notation, we denote the sheaf of germs of holomorphic sections 
of a holomorphic vector bundle E by the letter E itself. 

^ Let C/ be a neighborhood of a double point x* and Ui,U2 <ZU he the two branches with coordinates 
z,w {zw = 0). Denoting f\u^ by fa, one can define dfi = zipdzfl-^ ^.nd d/2 = —wipdn]f2-f^ where 
V; = — = - — • Then, df is defined on U as dfi + (i/2 and (O) makes sense. 



Examples 

(i) Aig^s{M, d) is empty when (7 = 0, s < 2 and (i = or {g, s, d) = (1, 0, 0). 

(ii) If S is smooth, the differential df determines a one (or zero) dimensional subbundle 
of Kj: f*TM with the section df and hence a subbundle £/ of f*TM- The latter defines 
the normal bundle Nf = f*TM/^f and the conormal bundle Nj = (ij)'^ C f*T^. Then, 
we have T = K^®N} and V\x = H\E, Nf). 

(iii) The degree zero moduli space factorizes as 

Mg,s{M,0)=Mg,sXM, (2.9) 

where Aig,s is the moduli space of stable Riemann surfaces with marked points. Since 
df = for a degree zero map, Nf is the trivial bundle J^xT^M; x = /(S), and hence 

V|[E,xi,.,x.;/] = H\j:,Kj,y®T,M. (2.10) 

As is well known, iJ°(S,i^s) has dimension (7 if S is smooth. If S has a double point 
x*, the holomorphic section of Kj: is admitted to have a simple pole at x* with opposite 
residues on the two branches. Calculation using the Riemann-Roch formula gives again 
dimif°(S, i^s) = 9- Anyway, Vg^s,o is a vector bundle whose rank is gdiraM. 



Remarks 

(i) One crucial remark is that in general the moduli space Aig^s{M,d) is not smooth 
and it is not obvious whether ( |2.7|) makes sense. However, when M satisfy a certain 
condition (called convexity |0), the smoothness (as an orbifold) for g = is proved |jTB 



and hence ( p.7| ) makes sense. Modification will be required in some other cases but we 
proceed expecting that it would not affect our main conclusion given below for a certain 
class of target spaces. 

(ii) If a generic element of Aig^s{M, d) has non-trivial automorphisms, the right hand 
side of (p.7|) should be devided by the order of the automorphism group. In particular, 
since a generic elliptic curve with one point has order two automorphism, degree zero 
contribution is given by (o"„(r2))io = ^n! /ci(£)"'0*f2. 

(iii) There may be a "pathological" case in which (a component of) the moduli space 
has dimension less than the dimension /^ ci (M) + (3 — dim M ) [g — 1) +T oi each tangent 
space T. This happens for example when M = CP^, g = 24 and rf = 14 |17]. In such a 
case, the number of ghost zero modes is greater than the number of moduli. Not having 
a good remedy at present, we simply put zero the contribution of such component. This 
automatically follows from the expression (|2.7| ). 

2.2 The New Equation 

We derive a new relation of correlation functions (i.e. string amplitudes) associated 
with the primary field cro(a;) for each 2nd cohomology class u G H'^{M). It expresses the 
s + 1 point function 

((Jo(cj)(J„,(rii) ■■■(Tn,{^s))g,d (2.11) 

by the sum of certain s point functions. As in the derivation of the puncture- and the 
dilaton equations ^, , use of the forgetful map 

71 : Mg,s+i{M, d) — . Mg,s{M, d), (2.12) 

is essential. We assume that the space ^Ag^s{M, d) is non-empty for a while and shall deal 
with the empty case separately. 

We denote the image of [S, xq, Xi, • ■ ■ , Xg] /] under vr by [S', xi, ■ ■ ■ , x^; /']: "0" is the 
mark for the point to be forgotten. E' is obtained by contracting (if exists) the genus 
and degree component of S cotaining xq and only two other marked or singular points. 
We denote by £(j) (resp. £^)) the line bundle over JV{.gg_^i[M,d) (resp. J^g^s{.M^d)) 
associated with the i-th point and by (pi (resp. 09 the evaluation map of M.g^s+i{.M,d) 
(resp. J^g^s{,M,d)) at the i-th point. As is explained in 0, ci(£(i)) for i 7^ is different 
from the pull back ti*ci{C'u\) but is given by 

ci(/:(,))=7r*ci(4)) + [A]. (2.13) 

Here, Di is the divisor in ^Ag^s+l{M,d) consisting of those configurations which include 
a genus and degree component containing only the 0-th point, the i-th point and 



one node. Also it is shown that ci{C(i))[Di] = 0. Since n sends the evaluation maps; 

4>i = (Pi° ^) we have 

(P*n, = 7i*(p';n,, t = i,---,s. (2.14) 

Combining these observations, we have 

ci(/:(i))"i0tfii ■ ■ ■ ci(/:(,))"^0:fi, = 7r*{ ci(/:'(i))"vr^i ■ ■ ■ ci (/:'(,) )"^0;U} 

+ ^[A]vr*{---Ci(/:'(,)r-Vra---}. (2.15) 

i=l 

One can also show that Vg^s+i,d is the pull back of Vg^s,d and hence 

Crp{Vg^s+i,d) = 7r*c-p(Vg,s,d) • (2.16) 

This is essentially because the construction of Vg^,^d does not refer to the marked points. 
However, one should be careful if S 7^ E'. This is the case when (A) [S, xq,- ■ ■ , Xg] /] G [-Di] 
for some i = 1, ■ • ■ , s or when (B) S includes a genus degree component containing 
only Xq and two nodes, say x* and y,,. In each case, H^{Ti,J^) is canonically isomorphic 
to H^{Y.\r) since H^{CVl,K) = H^CFl K ^ 0{1)) = for (A) and H°{CFIK (g) 
0{X:t) i^O{y^)) = Cdz/z for (B) where CPq is the degree component containing xq and 
z is the coordinate of CPq with z{x^) = and 2;(|/*) = 00. 

The identities ( |2.15| ) and ( p.l6[ ) lead to the puncture and the dilaton equations: 

s 

{Panii^i)---an,i^s))g,d = JZ '^»(^"-i(^«) 11 ^«j (^i))^-^, (2.17) 

(ai(P)a„,(fii)---a„,(a))g,d = (2(7-2 + s)-(a„,(fii)---a„,(a))g,d, (2.18) 

where we denote cro(l) = P and o"„(l) = cr„(P). The latter equation is due to £ (o)| fibre of tt = 
i^®i=i 0{xi) and ci(£(o))[-Di] = l]^. Finally, we perform the integration along the fibre 
of 71 with 0QCi;-insertion. Integration of the sole form 0q uj gives the topological number 
J^u. One can easily see 

(f>luj [A] = [A] vr*0r^- (2-19) 

Hence, we have the equation 



{o-o{uj)(yni{^l)---0-ns{^s))g,d = UJ ■ {an,{^l) ■ ■ ■ (Tnsi^s)) g,d (2.20) 



d 

s 



+ ^nj(cr„^_i(u; Afii) Y[an,i^j))g,d- 

i=l j^i 

Here, a; A fij is the product in the classical cohomology ring H*{M; C). Note that ctoIuj) 
counts the degree of the maps (the first term) as the dilaton field counts the Euler number 
of the surfaces, and it also has contact interactions with other fields (the succeeding terms) 
as the puncture has. 



Remark. Actually, for {g, s, d) = (1, 1, 0) the relation ( |2.13| ) does not hold but [Di 
must be replaced by | [Di] due to the Z2-syninietry. However, on account of the definition 



of one point functions (remark (ii) in §2.1), the equations (|2.17| ), ( p.l8|) and (|2.2CI|) hold 
without modification. 

The Exceptional Cases 

We consider here, as we have promised, the case in which Aig^s{M,d) is empty but 
Mg^,+i{M, d) is not: a) (^f, s, d) = (0, 2, 0) and b) {g, s, d) = {1, 0, oj. 

a) The moduli space is just M.o^3{M,0) = M. Hence, the gravitational descendants 
0"„(r2), n > decouples and we have 

{Paoini)aoin2))o,o = I ^i A ^2, (2.21) 

Jm 



(ao(cu)ao(fii)ao(fi2))o,o = / cuAfiiAfi2. (2.22) 

JM 

b) The moduh space is A1i,i(M, 0) = Mi^ixM. Recall the example (iii) of §2.1. On 
a smooth torus, a cotangent vector at any point determines a holomorphic differential on 
the whole surface. Even when there is a double point, this is also the case if the chosen 
point is non-singular. Thus, H^iJl^K) is isomorphic to T^^S for every [S,a;o] G M.\^i and 
hence we have Vi,i_o — CV^^ ® Tm- So, the Euler class is expressed as 

Cr(Vi,i,o) = CdimM(M) - ci(£(o))cdimAf-i(M) H . (2.23) 

Since the one point function | /^ ci(£(o)) of topological gravity is ^^ [0, we have 

K(^))i,o = ^X(M), (2.24) 

((To(c^))l,0 = -—[cuAcdiraM-iiM). (2.25) 

24 Jm 

Note that (-P)i,o = on dimensional ground. 

2.3 The Constraints On The Topological Sum 

Consider the theory perturbed by the physical fields. We choose a base {fia}a of the 
cohomology group H*{M; C) and denote by t° the coupling constant for the field an{^a)- 
The genus g degree d free energy is defined as the formal series 

FUt) = (exp{E^>n(^«)}>,, = E n^(n^n(^«)'""),,- (2.26) 

n,a ^' JrfjictX n,a '"n" 1^,0 

We wish to derive constraints on the topological sum 

F = Fit; A, 6) = E A2^-y^®F,,,(t), (2.27) 

g4 



where A is the string couphng constant and O is valued in some subset of H'^{M; C). The 
puncture equations (|2.17|) , the dilaton equations ( |2.18| ), and the new equations (p.20|) with 



various insertions are comphled into the following three respectively: 

—^P- - [2g- 2)hg^d + 2^t^—— + ^-—dg^j,, (2.29) 



9tr ^^ ' -" t% " dtZ 24 



0,0 rl,0 



LO 



n,a,l3 ^''n— 1 o,/3 



where T]af3 = fM^a^fs, ^^a = H^pC^^ and C^c^p = fM^^a^ fs = Vp -yCZa - The i nho- 
mogeneous terms have come from the exceptional contributions ( |2.21| ), ( |2.22| ), (|2.24]) and 



( 12.251 ). Note also that the dimensional consideration (§2.1 (I)) gives the selection rule 

^(n + q^- IK^ = ( / Ci(M) + (3 - dimM)(^ - 1))f,,,, (2.31) 

n,a Ot^ ^Jd 

where 2qa denotes the dimension of the base element fia- 

Now we can write down two constraints on the topological sum F which do not involve 
derivative with respect to A nor G. The puncture equation (|2.28| ) directly gives 

E <7^T^ + ^ E Vapt-ot'o = 0. (2.32) 



The dilaton equation ( |2.29| ) and the selection rule (|2.31|) together with the new equation 
(^^301) for cu = Ci(M) give 



l-dim Mua^'-r .,-^ ^ -^ OF 



E(^ + ^« + '-^^^Kj^ + E ^^mX-^ 

+ ^ECMa^tot^o + ^(^^^X(M) - I ci(M)cdi„.M-i(M)) = 0. (2.33) 

a,l3 

In the above expressions, we have used the parameters t" defined by 

^a^i tf-1, if(n,a) = (l,P) 
"" [ t", otherwise. 

Also, we have denoted C^^,j^,i\^ etc. by Cl^^ etc. for brevity. 

F _ f\ „„ J T ^F 



At a glance, we see that ( |2.32| ) and ( [2.33| ) are expressed as L„ie = and Lqb = 



respectively, using first order differenatial operators Lq and L_i on the space of coupling 
constants {f^}- We can check that the operators satisfy 

[Lo,L_i] = L_i. (2.35) 



Consider a hypothetical space Mk such that dimMfc = -j^, x(^fc) = k + 1, ci{Mk) = 
and H*{Mk) is a fc + 1 dimensional space generated by {^a}a=o,i,--,k with qa = -^ and 
Vai3 = ^a+/3,k- Then we see that ( p.32|) and (|2.33|) are precisely the first two of the Virasoro 



constraints for the k-th minimal model (see [0, 0). In this sense, we may consider ( p.32 ) 



and ( |2.33|) as the proper generalization of the string equation and the dilatation constraint 
to topological strings in dimension > 1. 



3. The CP^ Model 

Eguchi and Yang have recently proposed a matrix model for the CP model |]13 



In this section, we derive some Schwinger-Dyson equations for the matrix integral and 
compare them with the constraints obtained in the preceding section. (Q) 

3.1 The Eguchi- Yang Model 

Let N eH. and z/ G N be large numbers of the same order. We consider the integration 
over uxu 'hermitian' matrices 



Z{v-N)= (F'\de''''^^^\ (3.1) 

where 

OO OO 1 

V{M) = -2M(logM - 1) + E 2t^M"(logM - a^ + E -^n-i^". (3-2) 



n=l n=l ^ 



with a„ = I]?=i ^- Though the logarithm is not defined for a general hermitian matrix, 
we could give a definition to the integral (|3.1| ) by taking the integration region away from 
the set of hermitian matrices. Namely, we replace ( |3.1|) by 



Z{u-N) = -[ f{d\ n(A.- A,)2e^Sr^i^(^-), (3.3) 

in which, instead of the real line, the contour C is chosen so that the integrand and 
the integral make sense. (Here we have changed the normalization by multiplying a in- 
dependent factor.) However, not having a particularly good choice, we do not specify 
the contour C and, in what follows, we develop a formal argument by assuming that the 
integration by parts does not pick up the boundary contribution. 

The orthogonal polynomials are definde by 

V^n(A) = A" + lower order terms, (3.4) 

dX e^*'-^(^Vn(A)V^™(A) = 6n,mhn. (3.5) 



This section is totally based on a discussion with T. Eguchi. 

10 



Denoting the norm squared hn by e '*'", the partition function is written as 

^N N 



Z{u-N) = ho---K^, = /^o^exp<j E(^ - ^)^'(<^" - '^-i) [ • (3-6) 



We denote hy u{j^] N) the derivative 0^ of (pn with repect to ;|:, in which 0„ is considered 
as a function of ^ and N. We also denote /(iAe^^WA(^„(A))2 = v{^-N). The basic 



ansatz of |T^ is that, under the identification j^ = t^, u and v are the two point functions 

(3.7) 



of the CP^ model at some value of 

u = (PP) 
V = {PQ) 



with N~'^ being the string coupling constant. Here Q is the primary field corresponding 
to the Kahler form of CP^ of volume 1. In particular N'^u and N'^v are the derivatives of 
the free energy F that is expanded with respect to the genus 



H^:^)-t/'-''P,{^)- (3. 



9=0 

Starting with this ansatz, Eguchi and Yang derived for small g {g = 0, 1, 2, 3, 4) the flow 
equations that can be anticipated by a general argument |T^ (for g = 0,1 they coincides 
with the topological recursion relations of 0). Also, just as in the matrix model for 2D 
gravities, they derived the string equation — the equation obtained by differentiating our 
string equation (|2.32|) with respect to t^ and tg • 

3.2 The Constraints 

In this subsection, we give further confirmation of (|3.71 ) by deriving from the matrix 
model (certain derivatives of) the dilatation constraint ( p.33| ) and the dilaton equation 
(|2.29|) for the CP^ model. As a preparation, we express the ansatz in terms of the free 
energies of the models. We introduce a function /(x; N) such that N^{4>n — 0n-i) = 
j^f"[j}] N). Using the Euler-Maclaurin formula, we have the following expression for the 
free energy F^ = log Z of the matrix model: 

F»(.;N) = Wogft„ + li:(^-^)/"Q (3.9) 

n=l 

= .iog/.o+/;(^-.)r(.)ci.-^^r(o) 

= Nxlogho + fix) - f{0) - xf'iO) - ^xfiO) (3.10) 

+ E ^^^{(2r - 1) {f^'^\x) - /(-)(0)) +a:/(-^^)(0)} 

11 



where B^ are the Bernoulh numbers and x = jj. On the other hand, the ansatz ( p.T]) 
enables us to put 

fix; N) = Fix; N) - ^F'(x; N) + ■ ■ ■ + ^-t^F^^\x; N) + ■ ■ ■ , (3.11) 

where F is the free energy of the CP^ model. 

The Virasoro Constraints 
Consider the differential operators 

^n=f: ^{M-+%^ n > 1, (3.12) 

acting on functions of the matrix M, where (M"+^)jj stands for the (i, j)-th component of 
the (n + l)-th power of M. They satisfy the commutation relations [£„, Cm\ = (m — n)C 
When £„ for n > are applied to the weight q^^^'^(^) ^ the results can be expressed as 
the responses to differential operators on the space of coupling constants t^_^]^,t^: 

where 

1 "■"^ d d ^ ~ d d 






rn+n 



°° ~ d 
+2^im + n)il-miam+n-am))t^—Q n > 1, (3.14) 

oo Q a CO a 

and Lo = E("^^l7w7 + ("^ + l)i^-Q)+2E^^I^;^ + ^'^'' (3-15) 

m=0 '-'^m Otm m=l Ot^_i 

in which x = t^ = jj and i^ is defined as in (|2.34| ). Due to the translational invariance 

.,2, 



of the measure d'^ M (or JJdXi), the relation ( p.l3|) leads to the following constraints on 
the partition function: 

LnZ = 0, n>0. (3.16) 

As a consequence of the commutation relations of £„, we find 

[Ln, Lm] = in- m)Ln+m, n,m>0. (3.17) 

Hence, ( p.l6| ) may be called the Virasoro constraints. 

The Reseating Constraint 

Rescaling A^ with u = Nx being fixed, we obtain the equation 
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The right hand side comes out since the action NtTV{M) depends hnearly on the couphng 
constants t^^_^ and t^ {n > 0). We call this the rescaling constraint. Note that it takes 
the same form as the dilaton equation (|2.29|) except for the inhomogeneous term ^. 

Comparison With The Constraints For The CP Model 

We are now in a position to compare the constraints for the matrix model obtained 
above with the constraints for the CP^ model. In particular, we compare the dilatation 
constraint LqZ = (the first of the Virasoro constraints ( 3.16| )) with our new constraint 
(03D apphed to M = CP^ 



where Lq = J2m=oi^tm7ip + ("^ + l)^m^) + 2Em=i"^C^7|— • We also compare the 



in — l 



Lo + N\ti;yy =0, (3.19) 

rescaling constraint (|3.18| ) with the dilaton equation ( |2.29| ) 

dN 12 



(^-^^ + ^K = »' p-2°) 



where D = Y^'^=n{tniw + ^n'^)- Though they have the same (similar) forms, the com- 
parison is a non-trivial task since F'^^ and F do not coincide but are related by ( p.lO| ) 



with ( p.ll|) under the ansatz (|3.7| ). For instance, we will need the following equations: 



(Lo + i)/io = 0, (3.21) 

(^-^^)^o = 0, (3.22) 

which are the constraints LqZ = and ( p. 181) for the special case u = 1. 



We first show that the constraints (|3.19|) and (|3.2CI| ) for the CP^ model lead through 
( |3.10| ) with ( p.ll| ) to the dilatation and the rescaling constraints on Z = e^ . Using ( p.l9| ) 
and its derivatives with respect to x = t^, we find 

LQf{x) = -N^x^ + Nx-^. (3.23) 

This together with its derivatives shows that 

LoF^ = NxLo log ho - N'^x^ + Nx. (3.24) 



If we use (|3.21| ), we obtain the dilatation constraint L^e^ = 0. On the other hand, from 



(lOoD we find 

(D-N^—)—F^"'^ = m>l, (3.25) 

which leads to {D — N-^)f(x) = — ^. It then follows that 

(D-N—-)-—f^^^=0 and (d - N—-)-^f^"'\0) = m > 1. (3.26) 
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Now, using ( p.22| ), we obtain the rescaling constraint ( p. 181 ) 



Conversely, if we start with LqF^ = —u'^ and {D — N-^)F^ = 0, by differetiating 
them by a; = -^, we obtain recursively (namely, order by order with respect to A^^^) the 



TV' 

second derivatives of our equations LqF = —N'^x^ and {D — N^)F = — ^. 

We have thus observed that some of the matrix model results coincides with the ones 
in the CP^ model obtained by geometric arguments. It seems an interesting problem 
to find further constraints for the CP^ model which correspond to the higher Virasoro 
constraints L^Z = 0, n > 1. In particular, we wish to know whether there are Virasoro 
constraints L^Q^ = 0, n > — 1 for the CP^ model. (We have already found L_i and Lq 
for general models.) A more chalenging problem is to find matrix models for other models 
of topological strings so as to derive the constraints obtained in §2. For this purpose, we 
give in Appendix the explicit form of the constraint for the case in which the target space 
is the projective space or the grassmannian. 



4. Field Theoretical Background 

This section provides a field theoretical background for the description of string ampli- 
tudes given in §2, especially for the emergence of the top chern class of the vector bundle 
Vg^s,d- Though the argument is rather standard |^, [TT], ^ , we present it in some detail 
because it exhibits that the general principle also works in a model in which gravity and 
matter are coupled in non-trivial way (|). 

We start with describing briefly the elementary fields, the classical action and the 
symmetries. Bosonic elementary variables consist of a metric g on the world sheet E and 
a map of E to the Kahler manifold M. The BRST transformation introduces their 
superpartners — the ghosts (0) : 

In the above expression, ■ ■ ■ denotes the contribution of diffeomorphism ghost and the 
secondary ghost in the topological gravity multiplet (see e.g. |^) which will not be used 
in our discussion. Also, we will eventually fix the local scale and restrict our attention to 
the complex structure J';^ induced by the metric g^^. Hence, we shall neglect the trace 
part g^'^Xfj.u from the start. The classical action of the system is the sum 

I = Ig + Im, (4.2) 

^ Ref. |2l| takes account only of the matter degrees of freedom. Ref. |ll| deals with a certain coupled 
system but the matter degrees of freedom is 'discrete' in the sense that the total moduli space is only a 
finite (branched) cover of the ordinary one. 

^ We use fi, i^,X,a,- ■ ■ to denote the world sheet indices and /, J,K,L,--- for the target indices. With 
respect to a chosen complex structure, we shall often use a local complex coordinate z {z) itself for 
the (anti-)holomorphic index on the world sheet and i,j, k,l,- ■ ■ {i,j, k,l,- ■ •) for the (anti-)holoinorphic 
indices on the target space. 
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of the gravity part Ig (e.g. eqn (5.9) in |^) and the sigma model part 

+x'"x^Rk-i)p'zPzt - Xlxlplpz^ }, (4.3) 

where d'^z = idzdz and -D^x^ = {dfj.Sj + d^f^T^j^j)x^ in which Dkv^ = {dxSj + r^j)f -^ 
is the covariant derivative with respect to the Kahler metric gij. The metric is used also 
to raise and lower the indices. We follow the convention [Dk,Dl]v^ = Rkl^jV^ for the 
definition of the curvature tensor, p^i (resp. Pzi) is a fermionic field — the anti-ghost — 
with values in K^. ® f*Tlj (resp. 'Kj^ ® f*T*M)- 

This action is invariant under the BRST transformation 

5J% = -2ixl 5x1 = 0, 6J\ = 2ir., '^Xf = 0, 

5<P' = X\ <^X* = 0, 6(tf = x\ 5X^ = (4.4) 

5pl = id,(j)' - Ti-^x^p';, dpi = id-,(p' - r;.;^xVf • 

The action ( [4.3|) and the transformation rule above is obtained by neglecting the secondary 



ghosts etc. in the corresponding expressions given in |T2 . 

The Space Of Instantons 

The most important fact in the quantum theory is that the WKB approximation is 
exact. This is because the action is obtained by eliminating some auxiliary fields from 
a BRST exact functional. Thus, we are interested in instantons — configurations that 
minimize the action. 

Since the local scale degrees of freedom will eventually be fixed, we look for instantons 
in the space CsxMap(E, M) of pairs of complex structures on E and maps of S to M. 
Looking at the action ( [4.3|) , we see that the space of instantons is given by 

Hot =[{JJ)] f -.T^j^ M is holomorphic. }, (4.5) 

where Sj stands for the Riemann surface determined by the complex structure J . The 
quotient of this space by a certain group of diffeomorphisms is an open subset of the moduli 
space of stable maps (|2.2|). With respect to local coordinates, the instanton condition is 

written as 

ldx^[5; + ir^)d.f = Q. (4.6) 

Taking the first order variation, we find that the tangent space to Tiol at (J, /) is spanned 
by such (5 J, 5f) that 

9,8 f + '-5r-Af = 0. (4.7) 

We can (and we do) consider the space CExMap(S, M) as a complex manifold such that 
5°'Vg = and 5°'Y* = 0. Since the tangential condition ( [4.7|) is holomorphic, each tangent 
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space is a complex subspace of the tangent space of C2xMap(S, M). As in §2, we assume 
that the instanton space Tiol C CsxMap(S, M) is a smooth complex submanifold. 

Note that the above description naturally leads to the description ( p. 41) of the tangent 
space to the moduli space of stable maps. Note also that a ghost zero mode, i.e. xl? X* 
with dzX^ + xl^zP = 0, gives a (1, 0)-tangent vector of TioL 

4.1 The Instanton Calculus 

We proceed to the Gaussian approximation around an instanton. We first note that, 
after certain partial quantization of topological gravity, we are left with the integration 
over the moduli space M.g^s of Riemann surfaces with the measure provided by the in- 
tegration over the fermionic fields xli Xl- Therefore, we assume in what follows that 
the complex structure J varies in a representative family {Jm} parametrized by the fi- 
nite moduli m} , ■ ■ ■ , rn?9-^+s g^^^j i^j^g^^ ■y^z_ j^g^j^gg values in the tangent space of the moduli 
space: x| = ^H^a^-^J%- Also, since the position of the puncture does not affect our 
argument, we put s = from the start. 

Now take an instanton (J, /) G Tioi and consider the first order variation 

/ - / + 5/, (4.8) 

J -^ J + 6J, (4.9) 

in the direction transversal to Tioi. This is generated by a smooth section v of the 
bundle f*TM', Sf^ = f* and a Beltrami differential u representing a tangent vector [uj] G 
-f^°'H^s) — H^{Ty) of the ordinary moduli space; 5J% = —2iug. The transversality 
condition is realized by the requirement 

V e {H\rTM))^ C n^'^'irTM), (4.10) 
cu G (Ker/,)^c(afi°'°(TE))^. (4.11) 

The expressions here are explained as follows: For a vector bundle E over S, we denote 
by Q^''^{E) the space of smooth (p, g)-forms with values in E. For E = T^, ot f*TM, we 
use the metrics Qzz and gij to define a hermitian inner product on the space QP''^{E). The 
space H^{f*TM) of holomorphic sections is considered as a subspace of Q^'^{f*TM) and 
{H^{f*TM))^ is its orthocomplement. The cokernel H^^^{E) of d : Vt^^^{E) -^ Vt^^\E) for 
E = Tj] or f*TM is identified with the orthocomplement of the image. As in §2, we have 
the map /=,< : -/^^'^(Ts) — > H^'^{f*TM) that comes from the cochain map /jj : fi^'^(Ts) — > 
fiP,</(/*TM) induced by T^ -^ PTm; v^ ^ v^d^f- 

Before starting the calculation, we remark on the complex conjugates v and uo oi v 
and uo. Note first that the metrics Qzz and gfj give the identification of bundles 

T^ = T^ = Kj:, PTm = m,. (4.12) 

The transversality conditions ( |4.10| ) and ( [4.11[ ) can then be stated as 

V G {H\rTlj))^ C f]°'°(rT;,), (4.13) 
oj G Imdf CH\K^^), (4.14) 
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where df is the map H\K^®f*Tlj) -^ H°{K^^) induced by the map (|3):p« -^ pzidzf. 
The equivalence of (f4.11|) and ( f4.14| ) can be seen as follows: Under the identification 
W^HW) = n°'0(irf2), (afiO'O(Ts))^ is the null space of 90°'° (Ts) and hence coincides 
with iJ°(i^f^). It then suffices to note that df is the dual map of /*. 

The Calculation 

We expand the action /^ up to quadratic terms in v, v, u and uj. Under the variation 
of J and 0, the spaces of fields x* and pzi are varied and we use the metric connection on 
M to transport them: 

X^^l/ - U'V^Vl^x')Mf+Sf. (4.15) 

Pzidz ® dz^\f -^ (pzidz + v'Tl^pzjdz + ujgPzidzj^dz'^lf^sf- (4.16) 

In the above expressions, ^|/ (resp. dz'^\f) stand for the local sections of f*TM (resp. 
f*Tl.j) associated with local coordinates z^ of M. By a direct calculation, we obtain the 
quadratic approximation /^^ = ^I{ + ^ly, where 

If = / d2^{zp,,(5,x^+x55,/0+zp,,(9,x'+xf5.-/Vx'x'i?Hy.P.^-xkfp;-P.^}, (4.17) 

and 

4 = / dh { -g^^v-,D,D,vj + D,v-,iu%f + culdJ^D^v, + g.-uldJ'uold-J 

_ _ (4.18) 

-iv'ip^zi + Wzziv' - iujID^x'pzi + ipziDzX'^z } H > 

in which 

^-zz^ = x'd.fRki^Pzj-D^ixIPzh (4.19) 

^z^ = p,3X^dzfRM\-D,{p,x^j, (4.20) 

and ■ ■ ■ are terms that do not contribute to the functional integral. 

We decompose the anti-ghost p as p*-"-' + p^-^^ + p^"*"-* according to the orthogonal de- 
composition 

fii'°(/*TX^) = H'^iKj: ® N}) ®Hl® Dfi°'°(/*T;^), (4.21) 

where Nj is the conormal bundle (see example (ii) in §2.1) and H^ is the orthocomplement 
oi H'^{KY.^Nf) in H^{Ky,® f*Tl^)- The ghosts are also decomposed as xl = X(o)z + X(±)z 
and x' = X(o) + X(+) etc. where 

Xi±) e (Ker/,)^ , X(+) e (H'irTM))^, (4.22) 

and a,xJo)+X(o).-5.f = 0. (4.23) 

With a shift of the variables X(+) ? X(+) and dropping terms that are irrelevant upon func- 
tional integration. If can be rewritten as follows: 



Ii = J^ d^z { zp(+)5x(+) + ^P^^V*X(±) + ^P^''^Dxi,+) + ip^'-^lxi^ 

+X(o)X(o)i?P^°V^°^ - X(o)X(o)p(°V^°^ }• (4.24) 
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Similarly, the fermionic fields Xi Xi P) P i^ -^b can be replaced by the zero mode components 

X{o),X(o),P^°\p^°^- 

We introduce the Green's operator G for the Laplacian DD: 

G : n^^\f*T;j) "-^ ImD ^^-^"' (KerD)^ ^ fi°'0(/*T;^), (4.25) 

where TTirn^ is the orthogonal projection and DD\ is the restriction of DD to (KerD)^. As 
a consequence of the replacement x ~^ X{o)^ P ~^ P^^\ the two form 99 defined in ( [4.19| ) is in 
the image of D. This can be seen by showing that the pairing of (p and any holomorphic 
section of /*Tm is zero. Now we see that I\, is rewritten as 

h = j d^z {-{v + -- ■)DD{v + ■•■)+ ^G{^) (4.26) 

+/j^(l - DGD)f^Q - thooDG{^) - tuj{Dx)p - t^G{Df^Q) + ip{Dx)^ }, 

where {f^uj)zi = QfjQ^^dzf^^zz- Here and in what follows, we drop the sign '(0)' for the 
fermion zero modes. We note that 1 — DGD is the orthogonal projection 

TTw : n^'\rTlj) ^ H\K^ ® m,), (4.27) 

to the kernel of D. It is easy to see that the map t^h ° h '■ H^{K^'^) —* H^(K-£ 
f*Tlj) corresponds to /, : H'^'^jT^) -> lP^f*f^ under the identification JsTs = Ts 
and /*r^f = f*TM- Since (Ker/*)^ corresponds to Imdf and the restriction of */[( to 
H^{K-s ® f*Tlf) is the dual df of /=„, we see that ^f^nfi is identified with ^f^f^ and gives, 
by restriction, an invertible operator on Iradf. Using the zero mode condition for the 
fermions, one can see that D^x^Pzi + dzf^DzGi{ip) is a holomorphic quadratic differential. 
Moreover, it seems that it is also in the image of df (see the next subsection). Now Jb 
can be written as 

/b = J^ dh {-{v + -- ■)DD{v + ...) + (a; + ■ ■ ■)%7^nUu + ■ • ■) (4.28) 

+^G{^) - {-p{Dx) - ^GDfi){%nnfiy\{Dx)p + %DG{^)) }. 

When the transversal modes f ,a;,p^+^-X(+),p^"'"''-X{±) (and their conjugates) are inte- 
grated out, the bosonic and fermionic determinants cancel with each other, and we are 
left with the following effective action: 



2^ L "^'^ { ^^^'^kl^zPzi - Xlxlpipzi + ^zz'Gii^) (4.29) 

-{p{Dx) - ^GDfi),,{%nnfiy\{Dx)p + %DG{v)) }. 



We note again that the fermions in the above expression are the zero mode components: 
dzX' + Xldzf = 0, dzPzi = and pztdzf = 0. 

4.2 Connection And Curvature Of V 



If we integrate e~^'=-6' over the p-zero modes, we obtain a differential form on the 
space Tiol of instantons. In this subsection, we show that this is the top chern class of 
the dual V of the bundle V* of p-zero modes (0). To be more precise, we introduce a 
hermitian connection of the bundle V*, calculate the curvature, and then compare it with 
the expression ( [4.29|) . 



The Hermitian Vector Bundle V* 

As the instanton (J, /) varies, the first cohomology group H^{Nf) of the normal bundle 
Nf (see example (ii) of §2.1) varies as the fibre of a bundle V over Tioi. Its dual V* is the 
bundle of p-zero modes (|): 

d,p,^ = 0, p,,dj' = 0. (4.30) 

Since each fibre H^{Ky, ® f*Tlj) is in the space Q^'^{f*Tl.j) with a hermitian product 
(induced by the Kahler metric of M), we can consider V* as a hermitian vector bundle. 

The Hermitian Connection OfV* 

We shall introduce a connection of V* by finding a method of parallel transport and 
then show that it is hermitian. Consider the variation (J, /) — * ( J + 6 J, f + 6f) in Tioi; 
dz^r + l^J^dzf = 0. We wish to determine how to transport p G V*|(jj) to an element 
p G V* I ( J4.5 jj+5/) . For p to be a (l,0)-form with respect to J -|- 6 J, it has to take the 
following form: 

P= [ dzp^i - -dz6J%p^i + dzr]-^i ) ® dz'\f+sf- (4.31) 

We determine rjzi by requiring also that p is holomorphic with respect to J + 6J and 
conormal with respect to f + 6f. The requirements are written down as 

d.Vzi = ~d,{5r,p,,), (4.32) 

Vz^^J' = -Pz^^Jf. (4.33) 

In order to express these in covariant forms, we consider the parallel transport p G 
V*\(j+sjj+sf) ^rpe V*\(j+sjj) induced by the metric gfj of M: 

rp = ( dzpzi dz5J%pzi + dzAp^i ) ® dz^\fi (4.34) 



where Apzi = rj^i — ^f'^^iiP^j- Then, the requirements (|4.32| ) and (H:.33|) are written as 



DgApzi = ipzzh (4-35) 

Apzidzf = -PziDz6f\ (4.36) 

in which ip^zi = SfdzfRkuPzj - ^Dz{6J%Pz)i. 

'' As explained in [^, wheth er you take Cj,[V*) or Cj,{V) is a matter of convention. We take the latter 
so that the resulting constraint ( 2.33| ) recover the dilatation constraint for the minimal model. 



In this subsection, we consider pzi as a bosonic field. 
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As noted in §4.1, if p is a zero mode (i.e. satisfies ( |4.30| )) and if (5J, 6f) is a variation 
in Tioi (a ghost zero mode), one can show that ip is in the image of D^. Therefore, ( [4.35|) 
can be solved by using the Green's operator G for DD, defined in (|4.25| ), as 



Ap,, = D^G.iv) - U ; d,U = 0. (4.37) 

We shall determine C,zi so that this satisfies the second requirement ( [4.36| ): 



^z^^J' = PzrDjf + DzG,{^)dJ\ (4.38) 

Using again the zero mode condition of p and (5 J, 5/), one can show that the right hand 
side is a holomorphic quadratic differential. Though we do not have an explicit proof, we 
expect that it is in the image of df : H^{Ky. ® f*Tlj) -^ H^{K^'^). This is based on the 
fact that there exists a solution to our problem, namely, there exists a connection of V*. 
Let us introduce the 'Green's operator' for df: 

r : H\Ki^) ^^ Imdf ^^^' (Kerd/)^ ^ H\Kj, ® f*Tl,), (4.39) 

where the projection tt/ and the orthocomplement are determined with respect to the 
inner products on H^^K"^) and H^{K (g) f*Tlj) inherited from n^'°{K) and n^'°{f*Tl^). 
A solution of (|4.38| ) is given by 



U = ^,^{{D6'''f)p + %DG{ip)), (4.40) 

where 6^'^f is the variation of in the holomorphic direction. Thus, we have determined a 
method of transportation p \-^ p. 

We can now define the covariant derivative using this transport: 

Vp = T(^{pi + 6pi)®dz'\f+sf - p 

i 
2 



{6p, - 6fTlp, + ldz6J%pz. (4.41) 



-dzD^Giiifi) + dzr,iiiDS'''f)p + %DG{^)) ) dz'lf. 

An important property of this connection is that it preserves the hermitian structure of 
V*. This follows in particular from the choice ( |4.4U| ) of the solution of ( |4.38| ) because 
the image of F is orthogonal to the fibre Ker df = H^{Ky, ® N1-). This fact implies that 
only the (1, l)-form part of the curvature F is non- vanishing and the calculation becomes 
relatively easy. 

The Curvature 

Now we calculate the curvature: 

Fp. = F^V = {V°'\VinA 

= Sf'Sf^Tlp, - \dz5J\5J%pz^ (4.42) 

-(5°'iD)G,(^) + {5'^%){{D5'^'f)p + %DG{^)) + D{. ■ ■). + r,(- ■ ■)• 
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Since we will eventually take the inner product with an element of H^{Ky, ® ^*f)i we can 
forget the terms D{- ■ ■) and rj(- ■ ■). 

The (0, l)-variation of the covariant derivative D = dzDz is directly calulated: 

= -dzdjHfR-,,\G,{v)-'-dz5J\D,G.{^). (4.43) 

Taking the inner product with p' G H^{Ky. N't), we have 

(p', {5'^''D)G{v)) = J^ d'z^'JGM^ (4.44) 

where ^^^ = p'.jSfdJ'^RjJ, + ^D-MSJih 

We have to determine the (0, l)-variation of the Green's operator F for df. For this, 
we use the variational formula elaborated in [^], section 3b: 

6r = r6{df)r + nKSidfyr^r + rr^5(d/)Vjx, (4.45) 

where vr^ and tt/x is the orthogonal projection to the kernel and the orthocomplement 
of the image of df. Since F is valued in (Kerd/)^, we can neglect the first and the third 
terms. To evaluate the second term, we look at the hermitian conjugate of df: 

(ry, (d/)t/?) = {df{7^),f3) = f d-^ZTf-g^'igfiQ^'d-J^- (4.46) 

Namely, we have 

m^ = ^n o fl (4.47) 

where we recall that /j is the map fl^'^{T^) -^ fi^'°(/*T^j); /^^^ t^ gug^'^dzf^fizz and tt-h is 
the projection to H^{K^ f*Tlj). Since df is the dual of /*, we have {df){dfy = ^iinfi 
and hence its Green's operator F^F has the restriction 

F^F=(%nnfty' on Imdf. (4.48) 

The (0, l)-variation of the map /jj is directly calculated: 

{S'''fi)P = 6'>'\dx'^g,jg''^dJ^)/3,,dz% 

= dzg,jg^'D-zS'''YPzzdz%. (4.49) 

As for the variation of ttt^, since it is the orthogonal projection to the kernel of the operator 
D : fl^'^{f*Tl.j) —>■ Q^'^{f*Tlj), we can again use the variational formula of 



5°'V^ = -D-\6'^''D)nn - nn{S'''D^){D-y , (4.50) 
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where D~^ is the Green's operator for D. Since D~^ is valued in {H^{Kj] (S> f*Tlj))-^, we 
can neglect the first term in the right hand side. Using D'^ = —D* where * : Q^'^ -^ Q^'^ 
is the Hodge operator, we obtain 



5»'^nn = -nniS'^'^D) * *-'D-^ + ■■■ = -nH{6'''^D)GD + ■ ■ ■ , (4.51) 



in which S'^'^D is calculated in (|4.43|) . Now, the inner product of p' G H^{Kj] ® N^) and 



S^'^{dfyp is expressed as follows: 

= I d'^ [ p',t9''D-J^'Y(3.. - ^'JG,{Df^P) }. (4.52) 

Using the variational formulae (|4.45| ), ( [4.52| ) and the equality ( [4.48|) , we have 



d'z {p'{D6'''f) - ^'GDfi),,{%nnf^y\{D6'''f)p + %DG{^)).{4.53) 



Gathering all we have got, we obtain the following expression of the curvature: 

(p', Fp) = f d'z{ \-p',^5J%5J\p,, - p^5fHfR^\p,, - ^'JG,{^) (4.54) 

+ (p'(D5°-Y) - ^'GDfi),,{%nnny\iDS'''f)p + %DG{v)) }. 

We see that this coincides with —2TTleff under the substitution 5/* — > x\ ^^J% ~^ X|) P'z~i ~^ 
Pzi and Pzi -^ Pzi- This establishes our claim. 

5. Concluding Remarks 

We finish this paper by commenting on the physical significance of our new con- 
straint ( ^.3iJ| ). In the two-dimensional gravity theory, the dilatation constraint LqZ = 
together with the dilaton equation determines the scaling behaviour of the system. 



In addition, it can be used to search for multi-critical points pj]. To see whether 
this holds in general topological string theory, following 1^^ we take the combination 

( (p33D + ^-'^f' ^^ (|2:29|) ) /5 + (|2:29|) of the constraints on Fg = T.d^^^®Fg^d where 5 is a 
positive number. This leads to 

^dFg _ ^,^n + q^ ,\ZadFg ^ ^ n ^^ ~„ dFg 






^■^ n,a " f^f-n n,a,/3 " CI'^n-1 

/ dim M — 1 \ , ^ , , 

+ (2 -^ ){l-g)Fg + ---, (5.1) 
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where x = t^ and Yl,' is the sum over all (n, a) except (0,P). The term '■ • •' is the 
exceptional one present only for g = Q oi 1. 

When ci(M) = 0, we can use this to find multi-critical points: If we tune the coupling 
constant as tf = 1, t"^ 7^ and other t" = 0, the system is on the multi-critical point 
with the following string susceptibility and scaling dimension: 

_ dim M - 1 _n+_qa .p. <,^ 

'^string c- ; '~1n,a t- ; \^'^J 

Oi Oi 

where 5i = ni + qa^. Applying this to the hypothetical space Mk (see the end of §2), we 
recover the KPZ formula pSf for the Virasoro minimal models coupled to gravity. 

For a target space with ci(M) 7^ 0, however, we cannot expect such multi-critical 
behaviour because of the 'off-diagonal' term Yj jC^^i'^ ^ . (One cannot 'diagonalize 

the equation' by whatever means since the operation o"„(fi) 1-^ o"„_i(ci(M)Afi), cro(fi) 1— *> 



is nilpotent.) Hence, the constraint ( \2. 33[ ) exhibits in a precise way how the first chern 
class Ci(M) obstructs the scaling behaviour. 

Although we cannot expect critical behaviour for the full system, it seems possible to 
find a sttfeystem that admits multi-criticality. Namely, we restrict our attention to those 
observables that decouple from the primary field cro(ci(M)): 

(To(l^) and an{VL') with ci(M) A fi' = 0. (5.3) 

Then, we can again find multi-critical points, possibly with logarithmic scaling violation 
due to the exceptional terms on the sphere and the torus. Though it is not at all obvious 
what this restriction means physically, this does not seem a bad thing to do since the 
known relation (such as the string equation and topological recursion relations) remain 
closed. 
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Appendix 



In this appendix, we give an explicit expression of the new constraint ( [2.331 ): 

Loe^ = 0, (A.l) 

for the case in which the target space is the complex projective space CP" or the complex 
grassmann manifold G{k, N). Though CP" = G{1, n + 1), we treat them separately. 

The CP'' Model 

The cohomology ring if*(CP") of M = CP" is generated by the Kahler class uj G 
iJ^(CP") such that a;" has volume one. In particular, as a vector space, /7*(CP") has the 
base 1, u;, ■ ■ ■ , u"'. We denote by tj^ (a = 0, ■ ■ ■ , n) the coupling constant for the observable 
(Tm(i^")- Using the Bott residue formula, we can see c,.(CP") = f"^ jcj'". In particular we 

have 

X{M) = n + 1, 

Jm ciiM)u''uj' = in + l)6t,n-i-a, (A.2) 

U, c,iM)c^_,iM) = (!^. 
These are enough to see 

OO Tl O OO 7% — 1 O 

m=Oa=0 ^^m m=l a=0 '^'^m-l 

n -I- 1 ""^ 1 

+^ E W"" - ^(^' - l)(^ + 3), (A.3) 

where A is the string coupling constant. 



The Grassmannian Model 

The complexgrassmann manifold M = G{k, N) is the space of fc-dimensional subspaces 
of C^. The cohomology ring of this space is conveniently described in terms of the 
Schubert cycles. For each sequence a = oi, ■ ■ ■ , a^ of integers with A^ — A; > ai > ■ ■ ■ > 
fli > 0, we take a subspace Wa C C^ with the base eN-k-ai+i,eN-k-a2+2,- ' ' :^N-ak 
where {ej}^i is the standard base of C^. The orbit through Wa of the group of NxN 
upper triangular regular matrices is a cell Ca C M whose closure Ca is a submanifold of 
codimension \a\ = oi + ■ ■ ■ + a^ (the Schubert cycle). Let ila € H^'°''{M) be the Poincare 
dual of Ca- It is known that {^a}a is a base of the vector space H*{M). Hence, 

X(M)=(^^). (A.4) 

The ring structure is also well known (the Schubert calculus ||2^). In particular, we have 



/ 



M 
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In addition, the generator oj = r2i^o,--,o of H (M) satisfies 

k 

UJ A fiai,...,afc = J2 ^ai,..,a,+l,...,afe, (A.6) 

1=1 

in which we put ^ai,--,ai+i,-,ak = unless aj_i > flj + 1 > Oj+i. Since u is the first chern 
class of "the tautological quotient bundle" (whose fibre at W^ G M is the quotient space 
C'^ /W), we can easily see 

ci(M) = Nu. (A.7) 

Using the Bott residue formula, we find that 

k /N\ 

Ci(M)cdi,nM-i(M) = -(iV2-iV + 2-2A;) . (A.8) 

M 2 \k J 

Denoting by t" the coupling constant for a^ (!]„), we obtain the expression 

oo o oo fc o 

Lo = VV(n+|a| + i^^(^)t:;^ + iVVVVnC'-''^^ ^, (A.9) 

n=0 a. ^''n n=l i=l a ^'^n-l 

iV x , x^ , „, ...^._1 ... r,, . /\r_i._o, ...AT — h — n, i/,,^0 „.0 „, „n/-/V\ 



+ ^ E E t[;i'-''^>-i'-''^'=t^-'=-«i'-'^-'^-«i - ^(/tiV^ - 3A;2 + 2A; - 3) 



where each sum J2a is over the sequences for which the summands are defined. 
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